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Abstract
Let (M,g) be a noncompact complete Bach-flat manifold with pos-
itive Yamabe constant. We prove that (M,g) is flat if (M,g) has zero
scalar curvature and sufficiently small L2 bound of curvature tensor.
When (M,g) has nonconstant scalar curvature, we prove that (M,g)
is conformal to the flat space if (M,g) has sufficiently small L2 bound
of curvature tensor and L4/3 bound of scalar curvature.
1 Introduction
Let (M, g) be a noncompact complete Riemannian 4-manifold with scalar
curvature R, Weyl curvature W , Ricci curvature Rij and curvature tensor
Riem. A metric is Bach-flat if it is a critical metric of the functional
g −→
∫
M
|W |2 dVg. (1)
Bach-flat condition is equivalent to the vanishing of Bach tensor Bij , which
is defined by
Bij ≡ ∇k∇lWkijl + 1
2
RklWkijl. (2)
(see [1]). Important examples of Bach manifolds are Einstein manifolds, self-
dual (anti-self-dual) manifolds, conformally flat manifolds and Ka¨ler surfaces
with zero scalar curvature (see [2]).
1
Einstein metrics and Bach-flat metrics share many important properties.
When the curvature of a given Einstein metric (M, g) is sufficiently close to
that of the constant curvature space, in Ln
2
sense, it is known that (M, g) is
isometric to a quotient of the constant curvature space [3, 4, 5, 6, 7]. In this
paper, we study this rigidity phenomena for noncompact complete Bach-flat
manifolds. First, we study rigidity of metrics with positive Yamabe constant,
zero scalar curvature and small L2 bound of curvature. Next we look for
rigidity of nonconstant scalar curvature spaces with a conformal change of
the given metric.
There are known rigidity of Bach-flat metrics. For a compact Bach-flat
manifold (M, g) with positive Yamabe constant, Chang, Ji and Yang [8]
proved that there is only finite diffeomorphism class with an L2 bound of
Weyl tensor, and (M, g) is conformal to the standard sphere if L2 norm of
Weyl tensor is small enough. For a noncompact complete Bach-flat manifold
(M, g) with positive Yamabe constant and zero scalar curvature, Tian and
Viaclovsky [9] proved that (M, g) is almost locally Euclidean of order 0 with
L2 bounds of curvature, bounded first Betti number and the uniform volume
growth for any geodesic ball.
For rigidity of Bach-flat manifolds, we use an elliptic estimation on the
Laplacian of curvature tensor. For this, we introduce the Yamabe constant
on (M, g). Let (M, g) be a Riemannian manifold of dimension n ≥ 3 with
scalar curvature R. The Yamabe constant Q(M, g) is defined by
Q(M, g) ≡ inf
06=u∈C∞
0
(M)
4(n−1)
(n−2)
∫
M
|∇u|2 +Rgu2 dVg(∫
M
|u|2n/(n−2)dVg
)(n−2)/n .
Q(M, g) is conformally invariant and any locally conformally flat manifold
and manifolds with zero scalar curvature satisfy Q(M, g) > 0 (see [10]).
2 Bach-flat metric with constant scalar cur-
vature
In this section, we study noncompact complete Bach-flat manifolds with
nonnegative constant scalar curvature. First, we consider Bach-flat manifolds
whose L2 curvature norm is small. By an elliptic estimation for the Laplacian
of curvature tensor, we have:
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Theorem 1 Let (M, g) be a noncompact complete Bach-flat Riemannian 4-
manifold with zero scalar curvature and Q(M, g) > 0. Then there exists a
small number c0 such that if
∫
M
|Riem|2 dVg ≤ c0, then (M, g) is flat, i.e.,
Riem = 0, where Riem is curvature tensor.
Proof. We need to prove that |Riem| = 0. The Laplacian of curvature
tensor is
∆Rijkl = 2(Bijkl − Bijlk − Biljk +Bikjl) +∇i∇kRjl −∇i∇lRjk
−∇j∇kRil +∇j∇lRik + gpq(RpjklRqi +RipklRqj). (3)
where Bijkl = g
prgqsRpiqjRrksl (see [11]). Multiplying Rijkl on (3),
Rijkl∆Rijkl
= 2(Bijkl −Bijlk −Biljk +Bikjl)Rijkl + (∇i∇kRjl −∇i∇lRjk)Rijkl
+(−∇j∇kRil +∇j∇lRik)Rijkl + gpq(RpjklRqi +RipklRqj)Rijkl. (4)
To simplify notations, we will work in an orthonormal frame. By the Bianchi
identity,
∇iRijkl = ∇kRjl −∇lRjk. (5)
For a smooth compact supported function φ and small ǫ > 0, we integrate
the second term in (4)
∫
M
φ2(∇i∇kRjl −∇i∇lRjk)Rijkl dVg
= −
∫
M
∇iφ2(∇kRjl −∇lRjk)Rijkl + φ2(∇kRjl −∇lRjk)∇iRijkl dVg
= −
∫
M
∇iφ2∇tRtjklRijkl + φ2|∇iRijkl|2 dVg (6)
≥ −
∫
M
1
ǫ
|∇φ|2|Rijkl|2 + (1 + ǫ)φ2|∇iRijkl|2 dVg. (7)
Using the same method,∫
M
φ2(−∇j∇kRil +∇j∇lRik)Rijkl dVg
≥ −
∫
M
1
ǫ
|∇φ|2|Rijkl|2 + (1 + ǫ)φ2|∇jRijkl|2 dVg. (8)
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The first and fourth terms in (4) are contractions of cubic terms of curvature
tensor which can be bounded by c|Riem|3 for a constant c. In this paper, we
use c and c′ to denote some positive constant, which can be varied. By the
Kato inequality,
|∇Riem|2 ≥ |∇|Riem||2
and
−
∫
M
φ2|Riem|△|Riem| dVg (9)
= −
∫
M
φ2
(|∇Riem|2 − |∇|Riem||2 +Rijkl△Rijkl) dVg (10)
≤
∫
M
2
(
1
ǫ
|∇φ|2|Rijkl|2 + (1 + ǫ)φ2|∇iRijkl|2
)
+ c|Riem|3φ2 dVg.(11)
For a general Riemannian n-manifold, the following hold:
(δW )jkl = ∇iWijkl
=
(n− 3)
(n− 2)
(
∇kRjl −∇lRjk − 1
6
∇kRgjl + 1
6
∇lRgjk
)
(12)
and
|∇iWijkl|2 = (n− 3
n− 2)
2
(
|∇iRijkl|2 − 1
6
|∇R|2
)
. (13)
Let Eij be the traceless Ricci tensor, i.e Eij = Rij − 14Rgij . Multiplying φEij
on Bach-flat equation (2) (cf. [12, (3. 24)]),
0 =
∫
M
φ2Eij
(
∇k∇ℓWikℓj − 1
2
WikjℓEkℓ
)
dVg (14)
=
∫
M
φ2
(∣∣δW ∣∣2 − 1
2
WikjℓEkℓEij
)
− 2φ∇kφ∇lWikljEij dVg
=
∫
M
φ2
(∣∣δW ∣∣2 − 1
2
WikjℓEkℓEij
)
− 2φ∇kφ∇lWikljEij dVg (15)
≥
∫
M
(1− ǫ2)φ2
∣∣δW ∣∣2 − 1
2
φ2WikjℓEkℓEij − 1
ǫ2
|∇φ|2|Eij |2 dVg, (16)
where Wikjℓgkl = 0 is used in (14). Therefore,∫
M
φ2
∣∣δW ∣∣2 ≤ (1− ǫ2)−1
∫
M
1
2
φ2WikjℓEkℓEij +
1
ǫ2
|∇φ|2|Eij|2 dVg (17)
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and
−
∫
M
φ2|Riem|△|Riem| dVg
≤
∫
M
2
[1
ǫ
|∇φ|2|Rijkl|2 + 4(1 + ǫ)
1− ǫ2 φ
2WikjℓEkℓEij +
8(1 + ǫ)
(1− ǫ2)ǫ2 |∇φ|
2|Eij |2
+
1
3
(1 + ǫ)φ2|∇R|2
]
+ c|Riem|3φ2 dVg. (18)
Note that second term in (18) is also cubic term of curvature tensor. Now
we can bound all cubic terms in the above equation by c|Riem|3, and the
first and third terms by c|∇φ|2|Riem|2 for a suitable constant c. Next we
use the fact that scalar curvature is zero. For simplicity of notations, we let
u = |Riem|. Using the Yamabe constant Λ0 ≡ Q(M, g),
Λ0
(∫
M
(φu)4 dVg
)1/2
≤
∫
M
|u∇φ+ φ∇u|2 dVg + 1
6
Ru2φ2 dVg (19)
≤
∫
M
u2|∇φ|2 + |∇u|2φ2 + 2uφ∇φ · ∇u+ 1
6
Ru2φ2 dVg
≤
∫
M
(c+ 1)|∇φ|2u2 + cu3φ2 dVg
≤
∫
M
(c+ 1)|∇φ|2u2 dVg
+c
(∫
M
(φu)4 dVg
)1/2(∫
M
u2 dVg
)1/2
. (20)
Since
∫
M
|Riem|2 dVg is sufficiently small, there exists a constant c′ such that
c′(
∫
M
(φu)4 dVg)
1/2 ≤
∫
M
|∇φ|2u2 dVg. (21)
Now we choose φ as
φ =


1 on Bt
0 on M − B2t
|∇φ| ≤ 2
t
on B2t − Bt
(22)
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with 0 ≤ φ ≤ 1 and Bt = {x ∈M |d(x, x0) ≤ t} for some fixed x0 ∈ M . From
(21)
c′
(∫
M
u4φ4 dVg
)1/2
≤ 4
t2
∫
B(2t)−B(t)
u2 dVg
≤ 4
t2
√
3
2
c0. (23)
By taking t→∞, we have u = 0. Therefore (M, g) is flat.
Next we consider complete Bach-flat metric with positive constant scalar
curvature. Using an elliptic estimation for traceless Ricci tensor, we prove
Theorem 2 Let (M, g) be a noncompact complete Riemannian 4-manifold
with nonnegative constant scalar curvature R, Weyl curvature W and trace-
less Ricci curvature Eij. Assume that (M, g) is Bach-flat and Q(M, g) > 0.
Then there exists a small number c0 such that if
∫
M
|W |2 + |Eij|2 dVg ≤ c0,
then (M, g) is an Einstein manifold.
There is no noncompact complete Einstein manifold of positive scalar
curvature. By Theorem 2, we have an obstruction for the existence of a
noncompact complete Bach-flat manifold.
Theorem 3 Let (M, g) be a noncompact complete Riemannian 4-manifold
with positive constant scalar curvature R, Weyl curvature W and traceless
Ricci curvature Eij. Assume that (M, g) is Bach-flat and Q(M, g) > 0.
Then, there exists a positive number c1 such that
∫
M
|W |2 + |Eij|2 dVg ≥ c1.
Proof of Theorem 2.
Let Eij be the traceless Ricci tensor and |E| = |Eij|. Using Bianchi
identity, Bach tensor can be expressed in the following way (cf. [13, (1.18)]),
Bij = −1
2
△Eij + 1
6
∇i∇jR− 1
24
△Rgij −EklWikjl + Eki Ejk
−1
4
|E|2gij + 1
6
REij (24)
By the Kato inequality, |∇E|2 ≥ |∇|E||2 and trE3 ≤ 1√
3
|E|3, there exists a
positive constant c satisfying the following equation for a Bach-flat metric
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|E|△|E| = |∇E|2 − |∇|E||2 − 2EklWikjlEij + 2trE3 + 1
3
R|E|2 (25)
≥ −2EklWikjlEij + 2trE3 + 1
3
R|E|2 (26)
≥ −c|W ||E|2 − 2√
3
|E|3 + 1
3
R|E|2. (27)
Let u = |E|. Multiplying a smooth compact supported function φ to (27)
and integrating on M ,∫
M
φ2|∇u|2 + 2φu∇φ · ∇u dVg ≤
∫
M
c|W |u2φ2 + 2√
3
u3φ2 − 1
3
Ru2φ2 dVg.
Using the Yamabe constant,
Λ0
(∫
M
(φu)4dvg
)1/2
≤
∫
M
|u∇φ+ φ∇ u|2dVg + 1
6
Ru2φ2
≤
∫
M
u2|∇φ|2 + c|W |u2φ2 + 2√
3
u3φ2 − 1
6
Ru2φ2dVg. (28)
Note that the second term of (28) is bounded by
c
(∫
M
|W |2dVg
)1/2(∫
M
u4φ4 dVg
)1/2
and the third term is bounded by
2√
3
(∫
M
u4φ4dVg
)1/2(∫
M
u2dVg
)1/2
.
Assume that
c
(∫
M
|W |2dVg
)1/2
+
2√
3
(∫
M
u2dVg
)1/2
≤ Λ0. (29)
Then, three terms in the right hand side of (28) can be absorbed in the left
hand side. Therefore, there exists a constant c′ > 0 such that
c′
(∫
M
u4φ4dVg
)1/2
≤
∫
M
u2|∇φ|2dVg (30)
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Now we choose φ as
φ =


1 on Bt
0 on M − B2t
|∇φ| ≤ 2
t
on B2t − Bt
(31)
with 0 ≤ φ ≤ 1. From (29) and ( 30)
c′
(∫
M
u4φ4dVg
)1/2
≤ 4
t2
∫
B(2t)−B(t)
u2dVg
≤ 4
t2
√
3
2
Λ0. (32)
By taking t→∞, we have u = 0. Therefore (M, g) is Einstein.
3 Bach-flat metric with nonconstant scalar
curvature
In this section, we study noncompact complete Bach-flat metric with non-
constant scalar curvature. We apply a result of the Yamabe problem on
noncompact manifold to study rigidity. For a given manifold (M, g), we find
a conformal metric g = u4/(n−2)g whose scalar curvature is zero. This is
equivalent to find a solution for the following partial differential equation
−∆gu+ 1
6
Rgu = 0. (33)
The following existence of a conformal metric with zero scalar curvature
was proved by Kim [14].
Theorem 4 Let (M, g) be a noncompact complete Riemannian manifold of
dimension n ≥ 3 with scalar curvature R. Assume that Q(M, g) > 0 and∫
M
|R|2n/(n+2) + |R|n/2 dVg < ∞. Then, there exists a conformal metric g =
u4/(n−2)g whose scalar curvature is zero. Moreover, u satisfies the following:
∫
M
|∇(u− 1)|2 + |u− 1|2n/(n−2) dVg <∞ (34)
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and
∫
M
|∇(u− 1)|2 + |u− 1|2n/(n−2) dVg → 0 as∫
M
|R|2n/(n+2) + |R|n/2 dVg → 0. (35)
By Theorem 4 and an elliptic estimation for solutions of (33), new metric
(M, g) in Theorem 4 is also complete (cf. [15, ch. 8]). By a standard elliptic
estimation, C2,α norm of u − 1 is bounded by Ln/2 and L2n/(n+2) norm of
R. Therefore, in dimension 4, if (M, g) has sufficiently small L2 bound of
|Riem| and L4/3 bound of R, there is a conformal metric g with zero scalar
curvature and small L2 norm of |Riemg| with respect to metric g. Applying
Theorem 1 to new metric (M, g), we have:
Theorem 5 Let (M, g) be a noncompact complete Bach-flat Riemannian 4-
manifold with scalar curvature R and Q(M, g) > 0. Then there exists a small
number c0 such that if
∫
M
|Riem|2+ |R|4/3 dVg ≤ c0, then (M, g) is conformal
to a flat space.
Remark 1 The constant c0 in Theorem 1, 2, 5 and c1 in Theorem 3 depend
on Q(M, g).
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